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_Thefi f gul es in the margin mgllcate full marks for the quesitons
Answers all the questions:

N UN[TH Sk e 8
: Answ er any three from the tollowmg questmns 10’)(3 — 30

1. a) Prove that any finite g,lQup G with at least two elemems has a
maximal normal subgmup s i

»,'b) Let H and K be two dlstmct normal subgro I ‘S;of a group G :
then show that G = H K},and Hn K isa maxmlal normal sl
suboroup of H as well ' ' =10

N Abtate and pl ove J01 dan Ho ,

- 3. Define solvable group and glve an example Prove that a group G-
is solvable iff G = {e} for some positive integer n, ‘where- G(n
_ denotes the n*”* derived group of G. Also, show that a subgloup of: o
a solvable group is solvable : fsu s S 2+6+’) 10 =+

4. a) Show that a finite group 1s solvable if and only ifits
composmon factors are cychc groups of prime orders

b) Prove that every mlpolent group is solvable but the converse is
not true. e : 5*5 =10

- 5. a) Prove that any subgroup of a nilpotent ;:,roup is m'lpotent

b) If H and K are nilpotent groups then show that HXKisalso
mlpolenl ~ 545=10 - )
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B. Answer any three from the following“questions: 10x3 =3¢

1. \gi)\ Define an algebraic element. |

— s . : | o 1
&) Difﬂ,rentiate monic polynom]dl‘from minimal polynomial.

c) Ifan element a € K is algebralc over F, then show that there
~ exists a unique monic polynomlal p(x) € Fix] such that
p(a)-=-0. Further, it f(x) € F [x] be a polynomial such that
f(a) = 0, then show that p(x)|f (x). 1+1+5+3=19

. Let K be an extension field ofa“f'e]d F and let a € K be an

algebraic of deg,lee n. Prove that F(a) = {ag + a,a + a,a? +
- o a® 1|a'LEFVt—®12 ., — 1} is a subfield of K

Ul contammg F and a.

e

. a) Define an algebralc extensxon ﬁeld of'a ﬁeld F.

“b). Show that every algebraic extensmn field of a field K is a finite

extenswn ﬁeld but the converse does not hold true. 2+8=10 "~

-~Prove that a:set. S of aH 1hose elements of K Wthh are algebraic
~over a field F forms a subﬁeld oF K containiite # such-that no

e element of K, not in S i is algebrcuc over §.

IfLisan algebraw extens10n of a field K and K is an alocblalc S
extension of a field F then sho{w that L is an algebrale extension of

»theﬁeldF ke 4

UNH\ I

Answer any two from the follow{\mg questmns . 10x2=20

~ a) Let E be a Galois exten31dn of a field F. Let K be any subfiled

~ofE~containing F. Then, show that the mapping
K- (5 ]() setup a onelone correspondence from the set of

subfields of E contammg F to the subgroups of G (F / p)
such that

1) K = EG(E/[()' {
ii) For any subgroup "H OfG(E/F), H=G(E/Ey) 4+4=8
[
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b) Let F be a field of chamcterlstw + 2. Letx?—a € F[x] be an

irreducible polynomlal over F, then prove that its Galois group

is of order 2. 2

73 Prove that every polynomial f(x) € C[x] factors into linear
i factorsin C[x]. =

. a) Prove that x™ —1 = “aln Pg4(x), where @4 (x) denotes the
dth cyclot01mc polym)mlal over the ﬁeld K

b) Show that a p«olynomlc{ll X ‘— 10x5 + 15x +5 is not solvable
by radlcals over Q. - : 5+5=10

= -
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